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Abstract 

This paper is concerned with the trellis structure of linear block codes. The paper consists 
of four parts. In the first part, we investigate the state and branch complexities of a trellis 
diagram for a linear block code. A trellis diagram with the minimum number of states is said 
to be minimal. First, we express the branch complexity of a minimal trellis diagram for a 
linear block code in terms of the dimensions of specific subcodes of the given code. Then we 
derive upper and lower bounds on the number of states of a minimal trellis diagram for a linear 
block code, and show that a cyclic(or shortened cyclic) code is the worst in terms of the state 
complexity among the linear block codes of the same length and dimension. Furthermore, 
we show that the structural complexity of a minimal trellis diagram for a linear block code 
depends on the order of its bit positions. This fact suggests that an appropriate permutation 
of the bit positions of a code may result in an equivalent code with a much simpler minimal 
trellis diagram. In part two, we consider boolean polynomial representation of codewords 
of a linear block code. This representation will help us in study of the trellis structure of 
the code. In part three, we apply boolean polynomial representation of a code to construct 
its minimal trellis diagram. Particularly, we focus on the construction of minimal trellises for 
Reed-Muller codes and the extended and permuted binary primitive BCH codes which contain 
Reed-Muller code as subcodes. Finally, we analyze and present the structural complexity of 
minimal trellises for the extended and permuted (64,24), (64,45), and double-error-correcting 
(2 m , 2 m — 2m — 1) BCH codes. We show that these codes have relatively simple trellis structure 
and hence can be decoded with the Viterbi decoding algorithm. 


1. Introduction 

For years, it has been a common belief among the coding theorists that block codes do not 
have simple trellis structure as convolutional codes do and maximum likelihood decoding of 
block codes with the Viterbi decoding algorithm is practically impossible, except for very short 
codes with small dimensions. As a result of this common belief, very little research effort has 
been expended in the study of trellis structure of block codes. It is really a pity that over 
the years, there are only four major papers [1-4] touching on the subject of trellis structure 
of block codes comparing with hundreds of papers dealing with other algebraic and geometric 
structure and properties of block codes. 

This paper is concerned with the trellis structure of linear block codes. We show that 
some linear block codes of moderate length do have reasonably simple trellises and hence can 
be decoded with the Viterbi decoding algorithm. Our study is motivated by the works of 
Wolf [1] and Forney [2, 3], especially Forney’s latest work [3] in which he presented a trellis 
construction for linear block codes and asserted that the construction results in minimal 
trellises in the sense of number of states. 

The presentation of this paper is organized as follows. In Section 2, the branch complexity 
of the minimal trellis diagram for a linear block code is analyzed, and is expressed in terms of 
the dimensions of specific linear subcodes of the given code. Upper and lower bounds on the 
number of states of a minimal trellis diagram for a linear block code are derived. We show that 
a cyclic (or shortened cyclic) code is the worst in terms of the number of states in its minimal 
trellis diagram among the linear block codes of the same length and dimension. Furthermore, 
we show that the complexity of the minimal trellis diagram for a linear block code depends 
on the order of its bit positions. This fact suggests that an appropriate permutation of the bit 
positions of a linear block code may result in an equivalent code with a considerably simpler 
trellis diagram. We are particularly interested in finding appropriate permutations of bit 
positions of binary primitive BCH codes for reducing the number of states in their trellises. 
The binary primitive BCH code of length 2 m — 1 and minimum Hamming distance 2 m-r — 1 
contains the cyclic r-th order Reed-Muller code of length 2 m - 1 as a subcode [5, 6], and the 
dual code of the even weight subcode of the binary primitive BCH code of length 2 m — 1 and 
a specific designed distance, denoted g(m, r), contains the cyclic r-th order Reed-Muller code 
of length 2 m — 1 as a subcode for q(m , r) = 5, <f(m,2) = 2^ 2 -l -f 3, . . .. It is known that 
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the state complexity of the minimal trellis diagram for a linear binary block code is the same 
as that for its dual code [1, 3], and the noncyclic Reed-Muller codes of length 2 m in their 
original form [5] have relatively simple trellis diagrams [3]. From these facts, we determine 
a permutation of the bit positions of an extended primitive BCH code of length 2 m which 
results in an equivalent code with a considerably simpler trellis diagram. 

In Section 3, we consider boolean polynomial representation of codewords of a cyclic 
code. This representation helps us in study of the trellis structure of the code obtained from 
a cyclic code under a certain permutation of bit positions. In Section 4, we apply boolean 
polynomial representation of a code to construct its trellis diagram. Particularly, we focus on 
the construction of minimal trellises for Reed-Muller codes and the extended and permuted 
primitive BCH codes which contain Reed-Muller codes as subcodes. Finally, we conclude the 
paper by analyzing the state and branch complexities of minimal trellises for the extended and 
permuted (64,24), (64,45), and double-error-correcting (2 m , 2 m — 2m— 1) BCH codes. We show 
that the complexity of trellises for these codes are considerably less than that for the original 
codes in cyclic form without bit-position permutation. Because of their relatively simple trellis 
structure, these codes can be practically decodes with the Viterbi decoding algorithm. 


2. Structure of a minimal trellis diagram for a linear code 

In this section, the structural complexity of a trellis diagram with the minimum number of 
states for a linear block code is studied. For simplicity, we will consider a binary linear code. 
The extension to a nonbinary linear code is straightforward. 

Let C be a binary block (linear or nonlinear) code of length A. An A-section trellis 
diagram for C is a modified state diagram of a finite automaton F[C] which accepts the set of 
all binary A- tuples in C, where a modified state diagram means the diagram obtained from a 
deterministic or nondeterministic state diagram by deleting every state that is not reachable 
from the initial state or from which there is no path to the final state. By a trellis diagram, 
we mean an A-section trellis diagram where A is the code length. 

Let T be a trellis diagram for C, and for a nonnegative integer h not greater than A, let 
Sh denote the set of states of T just after the h - th bit position, where Sq consists of the initial 
state s 0 only and Sjy consists of the final state sjr only. For two states s and s', let L(s,s') 
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denote the set of all label sequences (paths) from s to s'. Then T(s 0 , $f) = C. For a binary N- 
tuple v - (v u v 2 ,... ,v N ), let p huh 2 v denote the binary (h 2 - h^-tuple (v hl +i, v hl+2 , . . .,%) 
and let jfea [C] be defined as 

P*i •*>[£] = {Pfti.AjV : v e C}. (2.1) 

Let u = (tii, • • • , it;) and v = (%, v 2 , . . . , Vj) be two binary sequences of lengths i and j 
respectively. The concatenation of u and v is defined as the following sequence of length i + j: 

u o v = («i, «2, • • • , «i, ^2, • • • , Vj). 

Then the definition of a trellis diagram implies that for 0 < h < h f < N, 

( 1 ) 

U U «') = Pfc,fc«[c], 

*es h ,‘es h , 

and 

(2) For Ui and 112 in L(so, s) with s € Sh and any binary sequence v of length N 

Ui o v G C <=> u 2 o v G C. (2.3) 


( 2 . 2 ) 

-h. 


Hereafter we assume that C is a linear binary ( N,K ) code. For two integers hi and h 2 
such that 0 < hi < h 2 < N, let Ch t ,h 3 be the linear subcode of C consisting of all codewords 
whose components are all zero except for the h 2 — hi components from the (hi + l)-th bit 
position to the h 2 -th bit position. Let K hu h 2>c (or Kh l} h 2 ) be the dimension of C hl ,h 2 , i.e., 

Kh\ ,h 2 log 2 \C hl)h2 \ 

where for a set S, |S| denotes, the number of elements in 5. For convenience, Kh,h is defined 
as zero. For simplicity, we write Cfc ^ for Ph x to[Ch x M], the truncation of C hltfl2 . Clearly, 
Ch lt h 2 an( i ChiM b^ve the same dimension, and C% h is a linear subcode of Phi,h 2 [C]- Then 
the condition (2.3) is equivalent to the following condition: 

u i + u 2 G CQ h . (2.4) 

i.e., Ui + u 2 is a codeword in C$ h . For a linear code A and its linear subcode B , let A/B 
denote the set of cosets in A with respect to B. It follows from (2.2) and (2.4) that for s € Sh, 
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L($ o, s) is a subset of a coset in Po,h[C]/CQ h and the number of states in S h is lower bounded 

by 

|s„| > \Po,h[C}\/K,h\- (2-5) 

Let denote the linear subcode of C consisting of all codewords whose components from 

the (hi + l)-th bit position to the / 12 -th bit position are all zero, and let c ( or 

denote log 2 the dimension of Then it follows from the definitions of Ch u h 2 and 

^ that 

KoZ = Kkn, (2-6) 

= K 0ih . (2.7) 

Note that for 0 < hi < h% < TV, 

\P*m[C\\ = 2 K - K ^. (2.8) 

For integers hi, h% and h$ such that 0 < hi < h 2 < h$ < N , let Kh u h 2 ,h i} c (or Kh u h 2 ,h 3 ) be 
defined as 

^h\,h 2 ,hz ^h\,h$ ^h\,h 2 ^h 2 ,h$' (2.9) 

For simplicity, we write Kh (or Kh,c) for Ko t h,N (or K 0 j h t N,c)- From (2.5), (2.6) and (2.8) we 
see that 

\S h \ > 2 K ~ K °*~ K °’ h = 2 K ~ Kfl ’ N ~ K °’ h = 2 Kh . (2.10) 

If there is a one-to-one correspondence between S h and Po,h[C]/CQ h such that L(s 0 ,s) is a 
coset of Po,h[C]/CQ h , then the equality in (2.10) holds, and for s in Sh and different and s 2 
in Sh>, L(s, s'jJ and L(s, s 2 ) have no common sequence. Such a trellis diagram can be obtained 
from the reduced deterministic state diagram of the finite automaton F[C ] with the minimum 
number of states and is said to be minimal. A minimal trellis diagram is unique within graph 
isomorphism and the number of states in Sh, |S^|, is given by 

|S,| = 2*\ (2.11) 

This was first given by Forney [3, Appendix A]. 

Let T be the minimal trellis diagram for a linear binary (N, K) code C. For a state s 
of T, let y>(s) denote the coset leader of the coset corresponding to the state 5. Now we will 
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show how to find L(s,s') for two states 5 and s' of T. Let h and h' be integers such that 

0 < h < h' < N. From the definition of <p, it follows that for s £ and s' £ Sh>, 

L( So ,s) = Ms)} + (2.12) 

L(s 0 ,s') = + (2.13) 

where for two codes A and B of the same code length, A 4- £ = {u + v : uEi and v £ B}. 
For s £ Sh, s' £ Sh> and a binary sequence v of length h' — h, v £ L(s, s') if and only if 

L(s 0 , s) o {v} C L(s 0 , s'), (2.14) 

where A o B = {a o (S : a £ A and /? £ B} for two sets A and B of binary sequences. If u 
and u' are in L(s 0 , s), and u o v and u' o v' are in L(sq, s'), then it follows from (2.12) and 
(2.13) that 

u + u'eCfr, (2.15) 

(u + u') o (v + v') £C£ h ,. (2.16) 

From (2.15), (u -f u') o ,, where 0 h '~ h denotes a sequence of h' — h zeros, and from 

(2.16) it follows that o (v + v') £ C£ h ,. Clearly, 

v + v'€C£„,. (2.17) 

Note that C£ h o C£ h , is a linear subcode of C^,. Let {a,- o (Si : |a t -|* = h, |/9 t -|* = h' — h, 

1 < i < 2 K °> h > h '} be the set of all coset leaders of CQ h ,/(CQ h o C^ h ,), where |o|^ denotes 

the length of binary sequence a. For two different coset leaders a t - o /% and o fa, with 
1 < i < i' < 2 K °’ h ’ h> , 

a,- 7 ^ av and (Si ^ /?,•/. (2.18) 

Each is said to be corresponding to a;. (Assume the contrary, e.g. a; = a t ». Then 
<*i o (Si + <*i o (3i> = 0 h o (fa + (Sy) £ Cq < h ,, which implies that /?; + /?,•» € C£ h ,, that is, o (Si 
and o /?,•» are in the same coset of C^, j (C^ k o C^,), a contradiction.) Hence we see that 

Po,(.[C 0 ,v]/C‘' k <- {a;: 1 < i < 2*°.M'} (2.19) 

PM'fCo.vl/C'J'V <- {ft: 1 < * < 2^o, fc .v } (2.20) 

where “A <-► £” means that B can be chosen as the set of all coset leaders of A. 
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Lemma 1: For 0 < h < h! < N, let s 6 S h and s' G Sh>- Let v?(s') be represented as 


vK *') = 010 0, 


( 2 . 21 ) 


where |a|/ = h and \f3\t = h 1 — h. 

(1) If there is a positive integer i not greater than 2 K °< h ’ h ' such that 


<*>(s) = a + Ot; (mod 


( 2 . 22 ) 


then L(s , s') is given as 


L{s,s') = {0 + 0 i } + Cl h , 


(2.23) 


(2) Otherwise, L(s, s') is empty. 

Proof : Suppose that L(s,s ') is not empty. It follows from (2.13), (2.14), (2.19) and ( 2 . 21 ) 
that 


L(so,s) C {«} + Po,/.[C5' k ,] 

C {or} + {a,- : 1 < i < 2^. "•'■'} + C£ h . (2.24) 

From (2.12) and (2.24), we have that 

V>( 5 ) € {a + a; : 1 < * < 2 K ° •*•*'} + C£ fc . 


That is, there exists a t - which satisfies (2.22). Conversely, suppose that such an a,- exists. 
Then it holds that for any 7 G C^, 


(a + a; + 7 ) o (/? -f ft) 


= (« ofi) + (a,- 0 Pi) + (70 0*' h ) 

€ {^)} + ^ ( + (^o^ ( ) 


G {<£>(s')} + Cq H , 


G I(5 0 ,a # ). 


(2.25) 


From (2.14) and (2.25), we see that P + Pi G L(s, s'). Then the equality (2.23) follows from 
(2.17). AA 


This lemma says that Z(s, s') is either empty or a coset of From this 

lemma, we have Theorem 1 (refer to Figure 1 ) which describes the structure of the minimal 
trellis diagram for a linear block code. 
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Theorem 1: For 1 < h < N, let Sh be the set of states of the minimal trellis diagram for a 
linear binary ( N , K) code. For 1 < h < h! < N, Sh and Sh> can be partitioned into 2 q blocks of 
the same size S hi , S A2 , . . . , S h 2 < and S h » i, S h > 2 , . . . , S h ' 2 i, respectively, where q = Ko,h,N—Ko,h,h'i 
in such a way that (1) there is a path from s £ Sh to s' £ 5^», if and only if s £ S/^ and 
s' € 5^* t * for the same i, (2) for s £ 5^,- and s' £ 5^,- with 1 < i < 2 9 , L(s,s') is a coset of 
Ph,h'[C]/Cl r h , and (3) the number of paths from s to s' is 2 Kh < h ' . 

Proof : See Appendix A. AA 

Now we consider the complexity of the minimal trellis diagram for the dual code C 1 of 
C. It can be easily proved that for 0 < h < h! < JV, Cff h , and ph,h'[C L } are duals (Lemma 6 
in [3, Appendix A] is for h — 0). Hence it follows from (2.8) that 

= h' — h — K + Kj^c • (2.26) 

From (2.6), (2.7), (2.9) and (2.26), the following identities hold: 

K htC = K h>c ^ (2.27) 

Ko ,h,N,c*- ~ Kq , h,h',ci- ~ ~~ Ko,h,c - Kh',N,c • (2.28) 

Identity (2.27) was given in [3, Corollary, Appendix A]. The equality of (2.27) actually says 
that the minimal trellis diagrams for a linear block code and its dual have the same state 
complexity. 

Next we show a condition for a code to be the worst in terms of the number of states of 
its trellis diagram. Since K 0t h > K — N + h and Kk,N > K — h, 

I< h <min (h,N -h). (2.29) 

It is also known [1] that 

I< h < min (K, N - I<). (2.30) 

Consequently, it holds that 

K h < min (h t N - h,K, N - K). (2.31) 

Lemma 2: If C has a generator matrix (or a parity-check matrix) of which the first K (or 
N — K) columns and the last K (or N — K) columns are linearly independent respectively, 
then the equality in (2.31) holds for 0 < h < N. 
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Proof : The assumption on a generator matrix implies that 


(2.32) 

(2.33) 


K 0}h = max(0, K — TV + h), 
I{ hiN = max(0 ,K — h). 

Then we have that 


(2.34) 

AA 


K h = K — max(0, K — TV + h) — max(0, K — h) 
= min(/V, TV — h) — max(0, I< - h) 

= min(iV, N — h, h, N — K ). 


If the condition of Lemma 2 holds for a parity-check matrix, consider the dual code. 
Then Lemma 2 follows form (2.27) and (2.34). The inverse of the above lemma also holds. 
If C is a cyclic or shortened cyclic code, then any K consecutive columns of a generator matrix 
of C are linearly independent, and therefore, the equality in (2.31) holds for 0 < h < N. In 
order to obtain a trellis diagram with a smaller number of states for a cyclic or shortened 
cyclic code, the order of bit positions must be permuted. For a permutation % on 1, 2, . . . , N 
and an iV-tuple v = (iq, v 2 , . . . , v N ), let ttv denote (^*( 1 )) v *( 2 ), • • • ? v k(N)) an< i f° r a c °d e & ° f 
length TV, let ir[C] be defined as 

t r[C] = {ttv : v € C}. (2.35) 

Lemma 3 can be used for finding a proper permutation to reduce the state complexity of the 
minimal trellis diagram for a cyclic or shortened cyclic code. 

Lemma 3: Let C' be a linear (TV, K - k) subcode of C or a linear (TV, TV - K — k) subcode 
of the dual code C L of C. For a permutation 7r on 1 , 2, . . . , TV, 

K hA c) < Kh^c*] + k. (2.36) 

Proof : First consider the case where C' is a subcode of C. Since Ko,h t *[C] ^ Ko,h,ir[C'] an( i 
Kh,N,if[c) > K h,N,*[c ']» inequality (2.36) follows from the definition of K For the case where 
C' is a subcode of C 1 , this lemma follows form (2.27) and (2.36) for C 1 . AA 
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Let ex-C denote the extended code obtained from C by adding an overall parity bit to 
each codeword in C. Let BCH m> ^ denote the binary primitive (or narrow-sense) BCH code of 
length 2 m — 1 and designed distance d. Let c-RM m>r denote the cyclic r-th order Reed-Muller 
code of length 2 m — 1 [5, 6]. It is known that c-RM m>r is a subcode of the BCH^ 2 ro - r -i- 

Example 1: For 1 < r < m, let C and C' be ex-BCH^m-r-! and ex-c-RM mir respectively. 
Then C' is a subcode of C. There is a permutation tt on the bit positions (see section 4) 
such that n[C l ] = RM m(r , the r-th order (noncyclic) Reed-Muller code of length 2 m [5, 7], 
Let 7j,T 2 ,. .. ,Tm be trellis diagrams for the cosets of 7r[C']/7r[C r/ ], respectively, where M = 
\C/C'\. These trellis diagrams are isomorphic to each other except for branch labels. A 
(nondeterministic in general) trellis diagram for tt[C] with M parallel subdiagrams is obtained 
from Tiy T 2 , . . . , Tm by merging the initial states and the final states of 7\, T 2 , . . . , Tm into a 
single initial state and a single final state, respectively. It is known that r-th order noncyclic 
Reed-Muller code RM mjr has a relatively simple diagram [3]. This fact suggests that for small 
M, the code 7r[ex-BCH m(2 m- r _ 1 ] also has a relative simple trellis diagram. AA 

Let h 0 , hi, hi , . . . , h m be integers such that 

h 0 = 0 < ^ < h 2 < . . . < h m ^ <h m - N. 

An m-section trellis diagram for C can be obtained from the minimal trellis diagram T by 
deleting every state in Sh for h € {0, 1, . . . , N} — {h Q , /ii, . . . , h m } and every branch to or from 
a deleted state and by writing a branch with label a from a state s G S hi to a state s' € Sh i+1 
for 0 < i < m, if and only if there is a path with label a from s to s' in T. This m-section 
trellis diagram is said to be minimal, and if A t+1 — hi is the same for 0 < i < m, it is said to 
have the same section length.' 

If the binary code of length Nl derived from a 2*-ary PSK or QASK block modulation 
code C of length N by representing each symbol as a binary sequence uniquely is linear 
under the modulo-2 addition [8], then the method described in this section can be applied to 
construct a trellis diagram for C. 
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3. Boolean polynomial representation of a cyclic code 

In this section, we consider boolean polynomial representation of a cyclic code. We show that 
the codewords of a binary cyclic code of length 2 m — 1 (or its extended code) can be expressed 
by boolean polynomials with m variables. A method for finding the polynomial representation 
of a basis of any cyclic subcode of the given cyclic code is presented. This boolean polynomial 
representation is very useful in study of the trellis structure of the code or its equivalent code 
obtained by permuting its bit positions under a certain permutation. 

Let a be a primitive element of the Galois field GF(2 m ), and let ft, ft, . . . , ft* be a basis 
of GF(2 m ) over GF(2). For a positive integer i less than 2 m , let a’" 1 be expressed as 

m 

« i_1 = (3-1) 

j= 1 

with a,j € GF(2). For i = 0, let a 0 j = 0 for 1 < j < m. Let n denote 2 m — 1 in this 
section. For a binary n-tuple v = (iq,v 2 , a boolean polynomial with m variables, 

f(xu ^ 2 , • • . 5 £m), is said to represent v (with respect to a cyclic order of bit positions) if and 
only if for 1 < i < n, 

Vi — /(<2tl, • • • 5 ®im)) (3-2) 

where (an, a,- 2 , . . . , a tm ) is the binary representation of a 1-1 with respect to ft, ft, ... , ft*. A 
boolean polynomial f(xi, 2 2 , . . . , x m ) is also said to represent a binary n + 1-tuple, 

V eK ^lj • • • > ^n)j 

if and only if Vo — /(0, 0, ...,0) and the equality (3.2) holds for 1 < i < n. If a boolean 
polynomial / of degree m — 1 or less represents a binary n-tuple (t>!, v 2 , . . . , v n ), then / also 

n 

represents the ( n+ l)-tuple (^ i v\, v %, . . . , v n ). For a boolean polynomial /, let c(f) denote 

«=i 

the binary n-tuple ( or (n + l)-tuple ) represented by / with respect to a cyclic order of bit 
positions. 

For 0 < i < n, represent i in the standard binary form as i = Zj=i Then the 

binary weight of *, denoted w(i)> is defined as the number of nonzero ij y s. If follows from the 
definition that 

w(n — i) = m ~ w(i). (3.3) 

Let I m denote the set of the cyclotomic coset representatives mod 2 m — 1, and for i G I m , 
let mi denote the number of integers in the cyclotomic coset whose representative is i. For 
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1 < jf < m, let Tj(x ) be defined as 

Tj(x) = x + x l + x A ‘ H ha:' 


Since m x is a factor of m, GF(2 m *) is a subfield of GF(2 m ). For i € / m , let 7 [ m, \ 'yi rn, \ • • • , 7^ 
be a basis of GF(2 m *) and for 1 < h < m,-, let fi t h{xi, x ^ . . . , x m ) be defined as a boolean 
polynomial of m variables: 

m 

fi,h( x 1. **> •••.*»») = a r ’m i (7» m ’ > (£ ft 1 ;)" - ')- 


(3.4) 




(3.5) 


i=i 


From (3.3), n — i is expressed as 2“ -f- 2* 2 -f • • • + 2*^ , where 0 < < *2 < • • • < K < m an d 

v — m — w(i). Then we have that 

/» \ n_i /» \ E '=' 2 ‘ ! 

Eft 1 ;) = Eft*j 




V =1 
v ( m 




(3.6) 


Hence, /,• >fc is a boolean polynomial of degree m — io(i) or less. In particular, the coefficient of 
Xj x ,xj 2 ,..., xj v of degree m — w(i) is given by 

T R- ■ • 1 

1 mi\lh JD 3l>32>->3v) 


(3.7) 


where 


( «<. & 


~ ^t 


3 1 
> 2*1 


31 

2*2 


ft 


2' v \ 
31 


ft: ft: ••• /* 


2 

J2 


(3.8) 


VC C - C ) 

For i € I m , let ^( 2 :) denote the minimum polynomial of a*. Theorem 2 follows from (3.1), 
(3.2), (3.5) and the property of Mattson-Solomon polynomial [5, 7]. 

Theorem 2: Let C be a binary cyclic (n, k) code with generator polynomial fLe/ 9i{ x ) where 
I C I m • Let Pb{C ) be defined as 

P B (C) = {f iih : i e I m - / and 1 < h < m;}. (3.9) 

There is a one-to-one correspondence between Pb(C) and a basis B of C such that each 
polynomial in Pb{C) represents a codeword in B. A A 
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Let C' be a cyclic (n, k') subcode of C with generator polynomial n» € /' 9i( x ) where I C 
V C / m . We partition C into 2 k ~ k> cosets with respect to C ' . As the set of coset leaders, 
we choose a cyclic (n, k - k') subcode with generator polynomial FIi€/u(/ m -/') 9i( x )- Let this 
subcode be denoted C — C . Then it follows from the Theorem 2 that there is a one-to-one 
correspondence between a basis of the set of 2 k ~ k coset leaders and the following set of boolean 
polynomials: 

P B (C - C') = {fi, h : i € /' - / and 1 < h < m,}. (3.10) 

Therefore, C is uniquely specified by Pb(C') and Pb(C — C'). 

Consider a special case where m,- < m. Then i = 1 + 2 m * T 2 2m ‘ + • • • + 2 m_m ‘, and 
= m/nti. Then 

m,— 1 to(t’) 

n - • = E E 2<+mi( ‘ _l) . (3.11) 

t= l *=i 

Let { 7 !, 72, ... , 7 m .} be a basis of GF( 2 m ‘) over GF( 2 ), and let {£i, S 2 , . . . , ^(i)} a basis of 
GF(2 m ) over GF(2 m ’). For 1 < j < rrii and 1 < h < w(i ), let /?j +mj .( fc _ 1 ) be defined as 

Pj+mth-i) = IfjSh- ( 3 - 12 ) 

Then A, A, . . . , /? m is a basis of GF(2 m ) over GF(2). For 1 < j < m,-, 1 < t < m,-, 1 < h < 
w(i) and 1 < $ < w(i), 

(3.13) 

This is used in the following Examples 2 and 3. 

Example 2: Let C be BCH 6)15 , the binary primitive (63,24) BCH code with minimum dis- 
tance 15 and be c-RM 6)2 , the cyclic (62,22) 2 nd order Reed-Muller code [5]. Then C' is 
a subcode of C and consists of the set of all binary n-tuples represented by boolean polyno- 
mials of degree 2 or less [7]. Then V — I in (3.10) consists of 21(= 1 -f- 2 2 -F 2 4 ) only, and 
w( 21) = 3, v — m — w(21) = 3, m 2 i = 2 and n — 21 = 2 + 2 3 + 2 5 . It follows from (3.10) 
that and / 2 represent two codewords in C which form a basis of the coset leaders of 
C/C\ where denotes the polynomial consisting of the terms of degree j in /. Suppose 
that { 71 , 72 } is a basis of GF(2 2 ) over GF(2), and {^, 8 2 , 63 } is a basis of GF(2 6 ) over GF(2 2 ). 
Let /?i, /? 2 , . . . ,/? 6 be defined as (3.12). Now consider Bj { t j 3 j 3 given by (3.8) with different j 1} 
j 2 and in {1,2,..., 6 }. It follows from (3.8), (3.11) to (3.13) that (i) if there are j and j 1 in 
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{jiihih} such that j 1 = j + 1 and j is odd, then 


(#.#.#) = yhr^Jf ,0? ) 


and therefore, 

Bjl J2 JJ — 

and (ii) otherwise, for a binary 3-tuple (0^02,03), 


(3.14) 


= (7?7rT + ° 2+OJ S w . (3.15) 

Here # lj3 ,5 € GF(2 2 ) — {0} [7, p. 1 IT, Lemma 18]. We can choose 61 , 62,63 to make .#1,3,5 to 
be one. Without loss of generality, take 1 for 71 and a primitive element 7 for 72, then 


#l + oi,3+a 2 ,5+a 3 “ lj if a 4 + (22 + «3 = 0 (mod 3), (3.16) 

= 7, if ai + a 2 + a 3 — 2 (mod 3), (3.17) 

= 1 + 7, if ai + a 2 + a 3 = 1 (mod 3). (3.18) 

In (3.1), let 71^ = 1 and = 7- Then it follows from (3.5), (3.7), (3.8) and (3.16) to (3.18) 
that 

/o\ 

/ii.i = X t x 3 x 6 © 2:1X42:5 © XiX 4 x 6 0 x 2 x 3 x 5 0 x 2 x 3 x 6 © x 2 x 4 x 5 , ( 3 . 19 ) 

/o\ 

f 2 i t 2 = £1X3X3 © XiXiX 6 © X 2 X3X G © x 2 x 4 x b © x 2 x 4 Xq. (3.20) 

Summarizing the above results, we see that C is the union of four cosets with respect to C' 
whose leaders are generated by c(/2?\) and c(/jf 3)* 

Let Ti be a trellis diagram for C 1 . Then the other three cosets of C/C' would have 
trellis diagrams, T 2 , T 3 and T 4 , isomorphic to T\. As a result, C has a trellis diagram which 
consists of 4 parallel isomorphic subdiagrams without cross connections among them. The 
state complexity of the overall trellis diagram can be greatly reduced if a proper bit position 
permutation is performed on C and C' (this is shown in Section 4). A A 


Example 3: Let C be BCH 6 , 7 , the binary primitive (63,45) BCH code with minimum dis- 
tance 7 and C' be c-RM 6 ,3, the cyclic (63,42) 3rd order Reed-Muller code [5], Then C* is a 
subcode of C and consists of the set of all binary n-tuples represented by boolean polynomials 
of degree 3 or less [7]. Note that V — I in (3.10) consists of 9(= 1 + 2 3 ) only and w( 9) — 2, 
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v = m — u>(9) = 4, m 9 = 3 and n — 9 = 2 -f 2 2 + 2 4 -f 2 5 . It follows from (3.10) that 
fgj and represent three codewords in C which from a basis of the coset leaders of CjC\ 
where / ^ denotes the sum of terms of degree 4 in /. Suppose that {71, 72, 73} is a basis of 
GF(2 3 ) over GF(2) and {61,62} is a basis of GF(2 6 ) over GF(2 3 ). Note that 7J = 7J 4 and 
7j 2 = 7J 5 for 1 < j < 3. Let ft u /? 2 , • . . , ft be defined as (3.12). Now consider Bj x ,j 3 ^ with 
< ji < 6. There are two cases to be considered: 


B 


1,2,3 ,j 


= I 

, 32 = 2 and j 3 

= 3 or 

h = 4, >3 = 

5 and ji = 6. 

For 4 < j < 6, 



7?’^ 

i?«r 

7^r ^ 




det 

7 ?<? 

7 2 ^r 

7 2 2 «f 

if*? 





if*? 

7?«r 

if if 





P] 

Pf 

pf 

pf ) 





' 7i^i 

if*? 


0 


0 ^ 


det 

7^? 

if if 


0 


0 



7& 2 

if Gf 


0 


0 




Pf 

Pf + 

% 

+ tf-*Pf i 


0. 







(3.21) 


Bj,A,b,6 — 0, 

for 1 < j < 3. 



(3.22) 


Similarly, we have that 


(ii) Suppose that 1 < ji < j? < 3 < j 3 < j> 4 < 6. Let j[ and j' 2 be defined as 


Then we have that 


Bji ,J2 ,J3 “ ^t 



ii 

= >3- 

-3, 


i 2 

= n- 

- 3. 

6 2 

Oi 

7 pf 

s 2 * 

hi°l 

if*? 


iix 

ijjr 

7JX 

7^ 

Ipf 

7 k 

$«? 

7^1 

Ipf 

7pr 

Ipf 
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= det 


2C2 2 2 C2 2 

hi °i hi °i 


0 0 

7 W ■yp? 0 0 

i\s\ ipt ^(«r+^r -2 ) 

\l}fi 7pf 7j '■(% + WT- 2 ) 7 ].(*t + 6fs?-*) j 

= 7 % 7 l( 7 l + 7 l) 7 ]; 7 ] i ( 7 ] l + + * 2 7 ) 6 . 

Note that ^^2(^1 + ^J), denoted r, is in GF(2 3 ) — { 0 }. Let S[ and S ' 2 be defined as 

S[ = * lf 


< 5 ' 


— >r — 1 f. 

~ T C>2- 


( 3 . 23 ) 


If {<^,^2} use d 35 a basis of GF( 2 6 ) over GF( 2 3 ) in place of {61, 6 2 }, then 


6 l%«( 6 ? + ^ 7 ) 6 = 1 


/ 7\6 


( 3 . 24 ) 


Without loss of generality, { 1 , 7, 7 2 } can be chosen as a basis of GF( 2 3 ) over GF( 2 ), where 7 
is a root of x 3 + x + 1 . Then it follows from ( 3 . 23 ) and ( 3 . 24 ) that the sum of terms of 

( 6 v 2+2 2 +2 4 +2 5 

£ / 3 t x t J is given by 

/ (4) = (7^1*2 0 7 2 ^i^3 0 x 2 x z )(^x^x b 0 7 2 X±Xq © x 5 x 6 ) 

= 7 2 xix 2 x 4 2:5 0 7 3 Xi2: 2 2:42: 6 0 72:4X2X5X6 

07 3 X1X3X4X5 0 7 4 2:iX 3 2:42: 6 0 7 2 X!X3X5X 6 

©72:22:32:42:5 0 7 2 2:22:32:4X6 0 2:22:3X52:6. ( 3 . 25 ) 

In ( 3 . 5 ), let {7^, 7^, 7^} be the dual basis of { 1 , 7, 7 2 }. It follows from ( 3 . 5 ), ( 3 . 7 ), ( 3 . 8 ) 
and ( 3 . 25 ) that 

fg* i — X 1 X 2 X 4 X 6 0 X1X3X4X5 0 X2X3X5X6, ( 3 . 26 ) 

fgj = X1X2X4X5 0 X!X3X4X 6 0 XiX3X5X 6 0 X2X3X4X6, ( 3 . 27 ) 

fg * 3 = XiX 2 X 4 X 6 0 X 1 X 2 X 5 X 6 0 X!X3X4X 5 0 X!X3X4X 6 0 X2X3X4X5. ( 3 . 28 ) 

Summarizing the above results, we conclude that BCH 6) 7 is the union of eight cosets with 
respect to c-RM 6) 3 whose leaders are spanned by the vectors, c(f^), c(fg^) and c(/g^). 
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It follows from Example 1 that BCH 6 7 (or its equivalent code obtained by permuting 
its bit position under a certain permutation) has a trellis diagram consisting of 8 parallel 
isomorphic subdiagrams without cross connections among them. AA 

Example 4: Let C be the dual code of the even weight subcode of the primitive binary BCH 
code of length 2 m — 1 and minimum distance 5, where m > 3, and C' be the cyclic first 
order Reed-Muller code of length 2 m — 1 whose codewords are represented by linear boolean 
polynomials [7]. Then C is a subcode of C, and I 1 — I in (3.10) consists of l — n — 2 m-2 — 2 Tn-1 , 
only, and w(l) = m — 2, v — 2, mi = m and n — i — 2 m-2 + 2 W_1 . It follows from (3.10) that 
/;;/ with i < h < m represent m codewords in C which form a basis of C — C , the set of 
the coset leaders of C /C ' . Let A, A, . . . , /? m be a basis of GF(2 m ). Then it follows from (3.8) 
that for 1 < ji < j 2 < m, 

BjiJi = {ftjiPjiiftji + /% 2 ) } 

For m = 5 and 6, by taking a- 7-1 for (3j and the dual basis of {1, a, ... , a" 1-1 } for {7^, 7 2 m \ 
. . . , 7 ^}, the following with 1 < h < m are derived: 

(1) For m — 5, 

fi 2 } = x 2 x z ® £224 © x 3 x 5 , 

( 2 ) 

/ 7 , 2 = © XiXi ® X1X5 ® X 2 X 3 © X 3 X 5 , 

( 2 ) 

/r )3 = 2:4X4 ® XiX 5 © x 2 x 4 ® x 2 x 5 © x 3 x 5 © x 4 x 5 , 

= x x x 2 ® x x x 4 ® X1X5 ® x 2 x 3 © X2X4 © X3X4 ® X4X5, 
f) ib = 2qx 4 © x 2 x 4 © x 2 x 5 © x 3 x 4 © X4X5. 

(2) For m = 6, 

/l5,l = X 2 X$ © X2X4 © X 2 X 6 © X 3 X 6 © X 4 X 6 , 

( 2 ) 

fib, 2 ~ x x x 2 © XiX 4 © X 2 X 4 © X 2 X 5 © X 3 X 4 © X4X5 © X5X6, 

.(2) 

/l 5,3 = X\X 2 © 2 qX 3 6) X1X4 © X 2 X 4 © X 2 X b © X 2 Xq © X3X4 © X 4 X6j 

( 2 ) 

fib, 4 = 2^X4 © X1X5 © X 2 X 3 © X 2 X 4 © X 2 X 5 © X 2 X 6 © X 3 X 4 © X 3 X 6 © X 5 X 6 , 

/l 5,5 = 2^X2 © X L X 3 © XiX 4 © XiX 5 © X^e © x 2 x 6 © X 3 X 4 © X 3 X 6 © X 4 X 6 , 

/l5,6 = a:!X 3 © x L x 4 © X 2 x 3 © x 2 x 4 © x 2 x 5 © x 2 x 6 © X 3 X 5 © X 3 X 6 © X 4 X 6 © X 5 X 6 . 

AA 
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Let a ( ^ 0) and b be elements of GF(2 m ). For 0 < i < 2 m , let 7r a ,6(0 be a permutation on 
{0, 1, 2, . . . , 2 m — 1} defined as follows: 

(1) For i = 0, if b = 0, then 7r a) b(0) = 0, and otherwise, 7r a) b(0) = j where a- 7 = b. 

(2) For i / 0, if aa ,-1 +6 = 0, then 7T a> fc(i) = 0, and otherwise, 7r ait (z) = j where = aa'~ l +b. 
This permutation is called an affine permutation. The extended codes of primitive BCH codes, 
cyclic Reed-Muller codes and some other cyclic codes are known to be invariant under the 
affine permutations [5]. The following lemma is used in the next section. 

Lemma 4: Suppose that the extended code ex-C of a binary linear code C is invariant under 
the affine permutations. For a boolean polynomial f(xi, z 2 > • • • , 3 m ) and a binary m-tuple 
b = (&!, 6 2 , ... , b m ), let fi(x u x 2i . . . , x m ) be defined as 

fb{x 1 , ® 2 , • • • , 3m) = f(x 1 ® 61 , x 2 0 . . . , X m 0 6 m ). (3.29) 

If / represents a codeword of ex-C, then for any binary m-tuple b , fo also represents a codeword 
of ex-C. 

Proof : Let b be defined as 


m 



cr* 

II 

dr 

(3.30) 

then it follows from (3.1), (3.2) and the definition of that for 0 < * < 2 m , 


fb( a il y ^*2, • • 

• , ®»m) — fi^il ® ^1, ®»2 ® ^2) • • * j ® ^m) 

(3.31) 


ffai'h 2> • • » , ®i'm)) 

(3.32) 

where i' — 7 ^( 1 ). That is, 

C(h) = ). 

(3.33) 



AA 


4. Application of boolean polynomial representation to construc- 
tion of trellis diagrams of binary linear codes 

In this section, we apply boolean polynomial representation of a linear block code to construct 
its trellis diagram. In particular, we focus on the construction of minimal trellises for (non- 
cyclic) reed-Muller codes and the extended and permuted primitive BCH codes which contain 
Reed-Muller codes as subcodes. 
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For a positive integer m and a nonnegative integer r not greater than m, let P r [x i,z 2 , 

. . . , x m ] (or P^) denote the set of all boolean polynomials of degree r or less with m variables 
x 1} x 2 , . . . , x m . For a nonnegative integer i less then 2 m , let (bn , 6 t - 2 , . . . , 6, m ) be the standard 

m 

binary expression of i such that i = 6 tJ -2 m_J . For a binary 2 m -tuple v = ( ^i 5 • • • > v 2 m -i)> 

j=i 

a boolean polynomial f(x u z 2 ., . . . , x m ) is said to represent v with respect to the standard 
binary order of bit positions if and only if 

Vi = f(bu,b a , ■■■, f’.m), for 0 < i < 2 m . (4.1) 

In this case, v is denoted b(f). For a binary code C of length 2 m , let P[C] denote the set of 
boolean polynomials with variables Xi, x 2 , . . . , x m such that 

C = {b(f) : / € P[C]}. (4.2) 

For 0 < r < m, the r-th order (noncyclic) Reed-Muller code of length 2 m [5, 7], denoted 
RM m>r , is defined as {&(/) : / £ P^}, this is, P[RM m>r ] = P^. 

Let 7 r c denote the permutation on {0, 1, 2, . . . , 2 m — 1} such that for 0 < i < 2 m , 

m 

»«(••) = E<Hf 2 ro - J '. ( 4 - 3 ) 

j = l 

where a tl , a; 2 , . . . , a tm are defined by (3.1). Then tt c is a permutation from a cyclic order to the 
standard order of bit positions. It follows from (3.1) and (4.1) that for a boolean polynomial 
/ with m variables, 

*.(/) = b(f). (4-4) 

Suppose we apply ir c to permute the bit positions of ex-BCH roi jm-r_ 1 and (ex-BCH mi) ( m , r )). 
The we have 

icIex-BCH^m-r.J D RM mir , for 1 < r < m, (4.5) 

7 r c [(ex-BCH m(9(m , r ))- L ] 3 RM m>r , (4.6) 

for q(m , 1) = 5 and q(m, 2) = 2b n / 2 J + 3. 

For a binary code C of length 2 m , C is said to be s-invariant, if and only if for any binary 
m-tuple a, 

b(U)eC *=* b(f) € C (4.7) 


- 18 - 



where / a is defined by (3.29). 

Let A be an invertible affine transformation over binary m-tuples: 

m 

Vi - c,o © Y c ii x h for 1 < i < m. (4.8) 

3= 1 

For a binary code C of length 2 m which is specified by the set P[C] of boolean polynomials, 
let be defined as 

( m m 

*a[C] = U(/(c 10 ©E CljXj, c 2 0 © Y C *3 X 3’ 

( 3=1 3=1 

m 

‘■>,C m 0®Y Cm 3 X 3 ) ) : f € P l C ] 

3= 1 

Since ^[RM ra , r ] = RM m>r for any affine invertible transformation A over binary m-tuples, it 
follows from (4.5) and (4.6) that for 1 < r < m, 

7r J 4[7r c [ex-BCH mj2 "»-'’-i]] ^ RM m>r , (4-10) 

7r A [7r c [(ex-BCH m> q( m)r ))-*-]] D RM m , r . (4.11) 

If a binary code C of length 2 m is invariant under the affine permutations, then it follows 
from Lemma 4 that ^[^[C]] is s-invariant. For example, ^[7r c [ex-BCH m>< i]] and RM m>r are 
s-invariant. 

For a nonnegative integer r not greater than m and two integers h and h 1 such that 
0 < h < h' < 2 m , let Ph )h ,[x u * 2 , • • • , x m] (or P r mXh , ) be defined as follows: 

x 2f • • • ) ®m] = {/ € P [®1, • • • ) ®m] • 

f(b h b jm ) = 0 for 0 < j < h or ti < j < 2™}. (4.12) 

Foi a binary linear code C of length 2 m , it follows from (4.12) that for / € P[C] Fl P^, 
b(f) E Ch,h • if and only if 

/ ^ Pm,h,h'i 

where Ch ,&» is defined in Section 2. 

Let Xi denote 1 © £;. From the definition of (4.12) it holds that 

f{ x 1) x 2, • • • , x m ) G P^™ —h 1 ,2 m —hl X l > X 2) * • * > I m] 
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if and only if 

/(*li ^2) • • • ) ^m) £ > ^2} • • • J ^m]- (4.13) 

Now we have Theorem 3. 

Theorem 3: Suppose that C is an s-invariant linear binary code of length 2 m . Then the 
following symmetry holds: 

(1) The minimal trellis diagram for C is invariant under reversing the direction of every branch, 
and (2) 

Kh t h‘ = ^2 m —h',2 m —hj for 0 < h <! h! < 2 m , (4.14) 

K h - K 2 ™~h, for 0 < /i < 2 m . (4.15) 

Proof : 

(1) It follows from the definition (4.7) that for f(x i, x ^, . . . , x m ) G P[C], f(x i,x 2 , . . . ,x m ) G 

P[C]. Note that for (t» 0 ,«i, = Kf) £ ( v 2 «"-i, ^ 2 ^- 2 , • • • , v 0 ) = b(f(x l} x 2 , . . . , 

T m )) G C. Then we readily see that the symmetry (1) holds. 

(2) Equation (4.14) follows from (4.13) and (4.7), and equation (4.15) follows from (2.9) and 
(4.14). 


AA 

Next we show how to find K ^ for a binary linear code which contains a Reed- Muller 
code as a large subcode. 

A polynomial / G P r [xi, x?, . . . , x m ] is expressed uniquely as the following form: 

r 

f a o ® a jij2-jt x ji x h • • • X 3t 1 (4.16) 

f=l 

where ao and dj l j 2 ...j i are either 0 or 1. Let l be a positive integer not greater than m. By 
rearranging the terms in (4.16) with respect to the smallest suffix of variables in a term, / 
can be uniquely expressed as 

/ = /w® !>;/;, (4.17) 

i=i 

where f 5 G P r ~ l [x j+U x j+2 , . . . , x m ] for j < m, f m G {0,1}, f 0 , t G P r [x t+U x i+2 , . . . , x m ] for 
i < m and f Q>m G {0, 1}. 
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In the following, we will present a necessary and sufficient condition for a polynomial 
/ G P^ to be in / G h 2 >». For a positive integer h less than 2 m , suppose that the standard 

m 

binary expression of h — 1 is ^ bj2 m ~K Let the binary sequence M 2 . . . b m be represented as 

j = i 

M2...6 to = o* i r i o*r a 


where 0 < l\ < m, 1 < < m for 2 < t < r, 1 < n t < m for 1 < t < r, and 0 < n T < m. Let 

r be a positive integer not greater than m. Define r # as follows: 

T — 1 

(1) If r = 1 or n * < r j fhen r' = r. 

4 = 1 

(2) If 7ii > r, then P = 1, and otherwise, let r ' denote the greatest integer such that 

r'-l 

U » < r * 

j=l 

A A £-1 

For 1 < < < P, define j t as jx = 0 and j t — + n,). Then the following lemma holds. 

j-i 


Lemma 5: For / € P r [a?i, z 2 , • • • , £ m ], / is in 2 m[a:i, z 2 , . . . , z m ] if and only if / can be 
represented in the following form: 


/ = / (1) , ' (4.18) 

f {t) = © f II x i 1 / ( * +1) > for 1 < t < P, (4.19) 

\j=ji+ft + 1 / 

f iT,) = 9r; (4.20) 

?i = 0, if <i=0, (4.21) 

A 

gt = x j9t,j, if either l\ ^ 0 and t — 1 and 1 < t < P, (4.22) 

i=i<+i 


where G P r x j+2 , . . . , x m ] and g t>j G P r 1 £*=• n '[z i+ i, z i+2 , . . 

The above representation is unique if it exists. 

Proof : A proof is given in Appendix B. 


x m ] for 1 < t < P. 

AA 


Note that equations (4.18) to (4.22) don’t depend on r but depend on P. Then we have 
the following corollary. 

r— 1 

Corollary 1: In Lemma 5, consider the case where r > 1 and ^ n, > r. Let the binary 
sequence 6^6^ • • • b' m and positive integer h! be defined as 

K b 2-” b 'm = o^r , o 6 r 2 ---o^'i n r', (4.23) 
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( 4 . 24 ) 


where n', = m 


m 

h'-i = Y, b 'j 2 ’ n - i , 

j = i 

t '— 1 

^ (4 + n,) — 4*- Then it holds that 
*=1 

£ \ y 2 m [^Ij *2) • ■ • j ^m] = P k',2 rn [ 2 'l’ ^2} * • • j ^m]- 


( 4 . 25 ) 

AA 


Example 5: We apply Lemma 5 to the following cases: 

(1) Let h = 2 m-u with 0 < « < m. Then 6162 • • • 4n = 0*1™““, 4 = it, ni = m — u and 
r = r' = 1. It follows from Lemma 5 that 

P2 m ~*,2 m ~ {^1^1 ® ^292 ® * * * ® x u g u * 9j ^ P • • • > ®m]) for 1 ^ J ^ ^}- ( 4 . 26 ) 

(2) Let h = 2 m — 2 m-u with 0 < u < m. Then, 44 . . . 6 m — l u_1 01 m_w , 4 = 0, ni = u — 1, 
4 = 1, n 2 = m-it and r = 2. If w — 1 < r then r # = 2, and otherwise r' = 1. It follows 
from Lemma 5 that 

P 2 m— 2 m-u ,2 m = {•*'1^2 • • • "• 9 ^ P • • • ) ^m]}> for U < T, (4.27) 

= {0}, for u > r. (4.28) 

(3) Next consider the case where h = 2 m-2 + 2 m-3 with m > 3. Then 44 • . . 4n = 0101 m_3 , 
4 = ni = 4 = lj «2 = m — 3 and r — 2. If r = 1, then r' = 1, and otherwise r' — 2. 
From Lemma 5, we have that 

P 2 r m-2 +2 m-3 )2 m = {x^i ® 2J 2 ^35 , 2 I 9l € 2, • • • , *m], 

92 € -P r_2 [z 4 , . . • , *m]}, for r > 2, (4.29) 

= { 2 : 1^1 : 9i € P r-1 |>2, • • ♦ , £m]}> for r = 1. (4.30) 

(4) Now consider the case where h = 2 m — 2 m-2 — 2 m ~ 3 with m > 3. Then 44 • • • b m = 

10 2 l m_3 , 4 = 0, 7i! = 1, 4 = 2 , n 2 = m — 3 and r = 2. If r = 1, then r' = 1, and 

otherwise r' = 2. From Lemma 5, we have that 

P p-2 m - J -2 m_3 ,2 m = {* c l( a '25 r 2 ® ^3^3) • 92 € P [2:3, . . . , £ m ], 

92 € i >r_2 [* 4 , . . . , X m ]}, for r > 2, (4.31) 

— {0}, for r = 1, (4.32) 

AA 
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Lemma 6: (1) For 0 < u < m, let i be a nonnegative integer less than 2 U whose binary 

U 

expression is ^ aj2 u ~\ and let r be a nonnegative integer not greater than m. If r < u , then 
j=i 

■^t2 m_ “,(*+i) 2rn- “[ 2 'i’ a ' 2 ’ ■ ’ * ’ a ' m ] = (4.33) 

and otherwise it is given by 

U 

^»'2 m- “,(t+l)2 TO -“ [^lj X 2j • • • ) } ^m] = {(nfe ® a j))& ' 9 ^ • • * > *^m] } • (4.34) 

j=l 

(2) If C is an 5-invariant linear binary code of length 2 m , then 


-^i2 m— tt ,(»+l)2 m — “ ~ ^0,2 m-u ) 
^ r »2 m -“,(»+l)2"»-“ = . 


(4.35) 

(4.36) 


Proof : (1) Note that f(x u a: 2 , x m ) € * 2 , • • • , , z m ] if and only if /(zi © 

j 2^2 © ®2 > ■ • • j j Zu+1, • . . , ^m) £ P 2 m 2 m — u ^2> • • • j ^m]* Then the first part of the 

lemma follows from (4.27) and (4.28). 

(2) Equation (4.35) follows from the above proof (1) and (4.7). If and only if f(xi, z 2 , • , x m ) € 

P ^m-u X ^ 1)2m -u l x u x ^ ’ , *m], then 


/(*! © ®1) *^2 © ^2j ' ‘ © ®u> ^u+lj ’ j ^m) ^ Pq *^2} > ^m]* 

Hence, - ^ t2 m-u ( l - +1 ) 2 r»- u = ^ 0 ; 2 m- a > Then equation (4.36) follows from (2.6). 


(4.37) 

AA 


Structural analysis of trellises for Reed-Muller codes 

In the following, we analyze the state and branch complexities of minimal trellis diagrams 
for Reed-Muller codes and some extended and permuted primitive BCH codes which contain 
Reed-Muller codes as subcodes. 

Let C be the r-th order Reed-Muller code RM m>r of length n = 2 m with 1 < r < m. For 
nonnegative integers i and q , let M(i , q) be defined as 


M(i, q) 


A 


minp'.g} 

E 


j-o 



(4.38) 


and if i or q is a negative integer, M(i f q) is defined to be zero. By definition, 


\P‘\=M(i,q). 


(4.39) 
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For 1 < h < 2 m , consider K ht2 m <KMmr (= We use same notations as those in 

Lemma 5. The number of polynomials g t ’s with 1 < i < r' in Lemma 5 is given by 

£ M{r - 1 - «i, rn-jt- j), 

j=i 


where X)Ui n < = 0 for t — 1, and therefore Kh, 2 m ,BM m , r is given by 

r' 

I<h,2">,RMm,r = M ( r ~ 1 - £l=i n t} m ~ j k — j). (4.40) 

t=i j=i 

As special cases, we have that for 0 < u < m, 

u 

K 2 m-u i2 m - ^ M(r - 1, m -jf), (4-41) 

i=i 

K 2 m_ 2 m-u 2 m = M (r — U, TJI ~~ It), (4.42) 

K 2 m-i+ 2 m-i 2 m = M(r — l,m — l) + Af(r — 2, m — 3), for m > 3, (4.43) 

K 2 m_2 m -2 2^—3 2 m — M(r — 2, m — 2) + M(r — 2, m — 3), for m > 3. (4.44) 


From Lemma 6 and (4.39), we see that. 


^ i 2 m ~ u ,(*"H)2 m ~ u — Af(r — tt, ttx — w), for 0<t <2 . (4.45) 

It follows from (2.9), (4.14), (4.41), and (4.42) that 

U 

K 2 m-u = M(r, m) — M(r — u,m — u) — M(r — 1, m — j). (4.46) 

j=i 

Since Af(r, m) = M(r, m — 1) 4* M (r — 1, m — 1), we have that 


K*)m— t 


= M(r, m — w) — M(r — tt, m — tt) 

min{m— u,r} 

E 

j=max{0,r— u+l} 



(4.47) 


Equations (2.11) and (4.47) give the state complexity (number of states) of the minimal trellis 
diagram for RM mi , just after the 2 m-u -th bit position for 0 < u < m. For examples, it follows 
from (4.15) and (4.47) that 


K»m-1 = K' 


2 m~ 


— AE rr» 9 m — j 


m 


(4.48) 
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Forney [3] first showed a 4-section trellis diagram with 2^ r ) states for RM m>r . In fact, this 
number is the minimum as shown by (4.48). It follows from (2.9), (4.14), (4.15), (4.43), and 
(4.44), that 


2 m — 2 — i \ 2 m 2 m ~ 2 2 m ’” 3 

= M(r, to) — M(r — 1, to — 1) — M(r — 2, m — 2) — 2M(r — 2, m — 3) 

= M(r, m ~ 1) - M(r - 2, m - 2) — 2Jlf (r - 2, m - 3), (4.49) 


Formula (4.49) together with (4.48) gives the minimum number of states at the end of each 
section of an 8-section trellis diagram for RM m>r with the same section length. 

Now we consider the minimal 2 u -section trellis diagram for RM mir . From Lemma 6 we 
see that the subtrellis diagram from a state at the beginning of a section to another state at 
the end of the section is either empty or can be constructed to be isomorphic to any of trellis 
diagrams for RM m _ u>r _ u , where RM m _ U(r _ tt = {0}, for r < u. From (4.14), we have that 


/\0,(«+l)2 m “ u “ -^0,t'2 m ~ u — /^2 m -(t+l)2 m ~ u ,2 m “ A 2 m -«2 m- “,2 rn ■ 


(4.50) 


The right-hand side of above equation can be computed by using Lemma 5. For instance, 
consider the case where u — 2. From (4.41) to (4.45) we have that 

Ko^m-i — Ro )2 m -2 = M(r — 1, m — 1) — M(r — 2, m — 2) 

= M(r— l,m — 2), (4.51) 

A"o, 2 m-1 + 2 m ~ 2 ~ A"o i2 m-i = M(r — 1, m — 1) + M(r — 1, m — 2) — M(r — 1, m — 1) 

= M(r — 1, m — 2). (4.52) 


From (4.45), (4.51) and (4.52), we have that 


Ao,2"*- 2 ,2 m - 1 — A r o ) 2 m - 1 ,2 m “ 1 +2 m “ 3 — 




(4.53) 


where = 0 for q < i. 

Consider the special case where r = 1. From Corollary 1 and (4.41) we see that for 
0 < u < m and 2 m " w - 1 < h < 2 m ~ tt , 


Kh 2 m — 2 m — U. 


(4.54) 
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It follows from (2.9), (4.14), (4.15) and (4.54) that for 1 < u < m, 2 m ~ u ~ l < h < 2 m-u and 
h ^ 2 m_1 , we have 

K h = I< 2 m ~h = m — u -f 1, (4.55) 

and 

i^2 m ~ 1 = m — 1. (4.56) 

Structural complexity of trellis diagrams for some -extended and permuted prim- 
itive BCH codes 

In the next three examples, we analyze the state and branch complexities of minimal trellis 
diagrams for some extended and permuted primitive BCH codes of moderate length. 

Example 6: Consider ex-BCH 6il5 , the extended (64,24) code of the primitive (63,24) BCH 
code with minimum distance 15 (refer to Example 2). The permuted code 7r c [ex-BCH 6i i5] 
contains RM 62 , the 2nd-order noncyclic Reed-Muller code of length 64 and minimum distance 
16, as a subcode. Then the set of coset leaders of 7r c [ex-BCH 6>1 5] /RM 6) 2 is generated by 6(/2?\) 
and &(/ 21>2 ), where and /V 2 are defined by (3.19) and (3.20) respectively. From Lemma 5 
we see that the first 22 components of &(/ 2 i ( \) and the first 21 components of &(/ 2 f (2 ) are all 
zero. Since 7r c [ex-BCH6,i5] is s-invariant, the symmetry stated in Theorem 3 and equations 
(4.33) to (4.36) hold. By using (3.19), (3.20) and (4.26) to (4.34), we can find /^o,4t,64 (= Ka), 
Ro, 4(»— i),4» and for 1 < i < 16 (see Table 1). A 16-section trellis diagram for 

7r c [ex-BCH6,i5] has the following state and branch complexities: For 1 < i < 16, 

(1) the number of the states at the end of the i-th section (or just after the 4*-th bit) is 
2 Kii ; and 

(2) for each state s at the 4i-th bit, there are 2 J ^°* 4 (*- 1 >* 4i states at the 4(i — l)-th bit from 

which there are branches to s, and the number of parallel branches is AA 

Example 7: Consider ex-BCHgj, the extended (64, 45) code of the primitive (63, 45) BCH 
code with minimum distance 7 (refer to Example 3). The permuted code 7r c [ex-BCH 6; 7] 
contains RM6,3, the 3rd-order Reed-Muller code of length 64 and minimum distance 8 as 
a subcode. The coset leaders of i r c [ex-BCH 6i7 ]/RM 6i3 are generated by b(fg^) and 

b(fg^), where /^, and are defined by (3.26) to (3.28) respectively. The first 27 
components of b(fg^) } the first 29 components of b(fg^) and the first 30 components of b(fg^) 
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are all zero. In Table 2, /i 0 , 4,-,64 (= * 4 »)> A"o, 4 (i-i), 4 t and * 4 (i-i), 4 » for 1 < i < 16 are shown. 
These numbers give the state and branch complexities of the minimal 16-section trellis diagram 
for 7r c [ex-BCH6,7]. AA 

Example 8 : Let C be ex-BCH TO) 5 , the extended code of the primitive binary BCH code of 
length 2 m — 1 and minimum distance 5 with m > 3. The dual code of C, C L , is the extended 
code of the dual code of the even weight subcode of the BCH mi5 , and 7 r^C 1 ] contains RM m(1 
as a subcode. Let C 1 denote the subcode 7 r c [C x ] — RM m) i of n c [C L ]. The dimension of C' is m. 
Consider the minimal 4-section trellis diagram T 4 for tt c [C]. Then it follows from Lemma 3, 
(2.27), (4.55) and (4.56) that the state complexity of T 4 is about 1/4 of that of the minimal 
4-section trellis diagram for C. 

For a boolean polynomial / with m variables, a linear subspace U of the set of binary m 
tuples which are generated by «,• = («;i, v>i 2 , . . . , w; m ) with 1 < * < h is said to be a maximal 
Z-space of / if and only if U is a maximal linear subspace with the following property: 

There are binary constants w 4 o, u 2 q, • • • , such that for every binary tuple ( 6 i, 62 , ... , b m ) 
in {(b u b 2 , . . . , b m ) : ££1 u i5 b 5 = u i0 for 1 < * < h}, 

f(bi,b 2 ,...,b m ) = 0 . 

We found the set of maximal Z-spaces for each polynomial in P(C"). By using this knowl- 
edge, we chose the following affine invertible transformation A to make K 02 m- 2 .^[^[C'- 1 -]] and 
* 0 , 2 - 2 + 2 m - 3 , 7 r / 1 [ 7 r c [c- L ]] as small as possible. For m = 5, let A be the invertible linear trans- 
formation: yi = x b , y 2 = £4 + x b , y 3 = x 4 + x 2 + x 3 + x 5 , y 4 = x 3 and y 5 = x 2 . Then 
from Example 4 we see that the coset leaders of 7 r^[ 7 T c [C'- L ]]/RM 5 ( i are generated by &(/,) with 
1 < * < 5 where /,• is defined as follows: 

/1 = 2/12/4 + (2/1 + 2/2 + 24)2/5, 
h = (2/1 + 2/3 + 2/4 + 2/5)2/2 + 2/32/4, 
h = yi2/4 -4- ^ 2 ( 2^3 H" S/ 4 ), 
h = 2/22/4 + 2/32/5, 

fb = 2/i (2/3 + 2/5) + 2/22/3- 
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By using (2.26), (2.27), (4.35), (4.36), (4.54) to (4.56), we can find Ku t c } /fo, 4 (»'-i), 4 »‘,c> and 
■^ 4 (»-i), 4 *,c for 1 < i < 8 which give the state and branch complexities of an 8-section trellis 
diagram for the code ^[^[ex-BCHs^]] (see Table 3). AA 

5. Conclusion 

In this paper, we have investigated the trellis structure of linear block codes, particularly the 
state and branch complexities of the minimal trellis diagram of a linear block code. We have 
shown that a cyclic (or shortened cyclic) code is the worst in terms of the state complexity 
of its minimal trellis diagram among the linear codes of the same length and dimension. We 
have considered the boolean polynomial representation of codewords of a cyclic code and 
applied this representation to construct minimal trellises for codes obtained from cyclic codes 
by properly permuting their bit positions. Particularly, we have focused on the construction 
of minimal trellises for extended and permuted primitive BCH codes which contain Reed- 
Muller codes as subcodes. We have shown that some extended and permuted primitive BCH 
codes of moderate length have relatively simple trellis diagrams. Good block codes with 
simple trellises are attractive for error control in digital communications, because they can 
be practically decoded with soft-decision optimal or suboptimal decoding algorithm. Soft- 
decision multi-stage suboptimal decoding algorithms for some BCH codes are under study 
[10]. In construction of multi-level block modulation codes of moderate length with the multi- 
level method, it is desirable to use good block codes with simple trellises as component codes. 
This allows us to use multi-stage decoding in which each component code is decoded with 
the soft-decision Viterbi decoding algorithm [9]. Using the soft-decision multi-stage decoding, 
it is possible to achieve high spectral efficiency and large coding gain with reduced decoding 
complexity. 
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Appendix A 

Proof of Theorem 1 

For s £ Sh and s' £ S^, let < 7 ( 5 ') denote the set of states in S h from which there is a path 
to s', and let cr'(s) denote the set of states in S h> to which there is a path from s. From (2.9), 
(2.6) and (2.8), \po,h[C\/poA c o,v]\ = 2 K ~ Kh > N ~ (K °^~ Kh ’ h,) = 2 a W-*q,m' = 2 q . Partition S h 
into 2 q blocks S h i, Shi, . . . , Sh 2 i in such a way that states Si and $2 in Sh are in the same block 
if and only if v?( s i) and ^( 5 2 ) are in the same coset of Po,h[C]/ PoACoy]- Since each coset of 
Po,h[ c ]/Po,h[ C o,h'] contains exactly \poA c o,h , ]/ c o,h\ cosets Po,h[ C ]/ C o,h> ever y block S hi has 
the same size. Lemma 1 implies that for s' £ Sh>, there is exactly one index i such that 

o-(s') = S hi . (A.l) 

For 1 < i < 2 q , let Sh'i be defined as 

Sh'i = € Sh> : for s £ Shi , <^(s) + £ Po,h[Co t k‘]} - 

Then it follows from Lemma 1 that for s £ Shi, 

(t'(s) = Sh'i- ( A - 2 ) 

For each a in po,k[C], the number of binary sequences /Ps such that a o /? £ po,h'[C] is \C£ h ,\ 
from (2.17). Hence \S h 'i\ = bo./iKVll • I^Vl/l^o^'l* and ever y block has the same size. 

If L(s,s') is not empty, then it follows from (2.2) and (2.23) that L(s,s') is a coset of 

Ph } h\C]lC^ h , and | L(s, s')| = 2 Kh ' h '- AA 
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Appendix B 

Proof of Lemma 5 

For two binary ^-tuples (a 1} a 2 , • • • , «/) and (aj, a 2 , . . . , aj), we write (a 1? a 2 > • • • > a t) < 
(a' 1? a 2 , . . . , a i)j if and only if 

£«,2'-<£a'2'-. 

»=1 1 = 1 

For every binary m-tnple (a l5 a 2 , • • • } a m ) such that (a l5 a 2 , . . . , a m ) < (&i, & 2 , . . . , 6 m ), denoted 

b, 

/(ai,a 2 ,...,a m ) = 0, (B.l) 

if and only if / 6 ffc |3 »[*i, *2, • • • , ®m]- 

We prove this lemma by induction. If m = 1, then /i = 1, r — 1, t\ — 1 and rai = 0. Since 
Pi r 2 [zi] = {0, Xi}, this lemma is true. Consider the case where m > 2. 

Suppose that / € P£ i2 m[zi, ^ 2 > • • • , £ m ]- If fi = ro and % = 0, then let £ = m and 
otherwise, let i = £i -j- 1. Express / as the form of (4.17). Since it follows form (B.l) that 

i 

, * H 

/( o, 0, . . . , 0, x t+l , . . . , x m ) = 0, f 0>t must be zero. 

(1) If = 0, then = m, h = 1 and 

m 

/ = E x ;/j = ?i- 

J = 1 

Conversely, f of the above form is in P 2)2 m[z i, z 2 , . . . , x m ]. 

(2) If > 0, then 

/i©i 

/= X} Xjfj = 0i © 
i=i 

Note that 

* 

// = /(0, 0, , 0, 1, x/+i, . . . , £ m ) G (B.2) 


(2.1) Suppose that r 1 — 1. (i) If r — 1, then for every binary (m— £)-tuple, (0, 0, ... , 0, 1, 

t t 


< (0,0, .. .,0, 1, 1, .. ., 1) = b. From (B.l), /( 0,0,. . . ,0, 1, a m , . . . , 

i 


a m ) — 0- That is, ft = 0. (ii) If r > r' = 1, then rii > r. If /( 0, 0, . . . , 0, 1, 


n i 


f 1 111,1 ■ \ / N 

a/ + i, . . . , a m ) = 1 , then it follows from (B.l) that b = (0, 0, . . . , 0, 1, 1, . . . , 1, 
^i\ +r»i + i » • • • » ^m) ^ (0,0,.. .,0,1, 1 j * • • i ®m) • Hence Qj — - 1 for f T 1 < j £ 
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t\ + n i. Consequently, the weight * 3 ^ of ft € P r ~ l [xt+i , . . . , z m ] is at most 
2 m_/ i— ni — 1 < 2 rn ~ t ~( r ~ 1 \ and therefore ft = 0. For these two cases, f — gi- 
Conversely, / of this form is in P^ 2m [ii, x ^, . . . , x m ]. 

m 

(2.2) Suppose that r* > 1. Then r > 2 and r > 2. Let A' denote 1 + 

j =/+ i 

Then 1 < A' < 2 m “*. It follows from (B.2) that / 6 z 2 j . . . , z TO ] if and 

only if 

ft € • • • . *»], 


where 1 < £ ~f 1 < m. Let / ^ = ft . Then this lemma is proved by induction 


hypothesis. 


AA 
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Table 1 


The complexity of a 16-section trellis diagram for ^ c [ex-BCH 6l i 5 ], an equivalent code of the 
extended (64, 24) code of the primitive (63, 24) BCH code 


i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

Ka 

4 

7 

10 

10 

13 

15 

15 

12 

15 

15 

13 

10 

10 

7 

4 

0 


4 

7 

10 

10 

13 

13 

13 

10 

13 

13 

13 

10 

10 

7 

4 

0 

l),4t 

0 

^0,4(t'-l),4i 

0 

0 

0 

1 

0 

1 

1 

3 

0 

1 

3 

3 

1 

3 

3 

4 

& 0,4(* — l),4t,RM 6( 2 

0 

0 

0 

i 

0 

1 

1 

3 

0 

1 

1 

3 

1 

3 

3 

4 


(1) The number of states at the end of the i-th section (or just after the 4i-th bit) is 2 Kii . 

(2) For each state s at the 4t-th bit, there are 2 A ' 0 > 4 («-i).*» states at the 4(i — l)-th bit from 
which there are branches to 5, and the number of parallel branches is 2 i 2 ^ 4 <*- 1 )> 4 *. 
































Table 2 


The complexity of a 16-section trellis diagram for ^[ex-BCHej], an equivalent code of the 
extended (64, 45) code of the primitive (63, 45) BCH code 
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4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

K ti 

4 

7 

10 

10 

13 

13 

14 

13 

14 

13 

13 

10 

10 

7 

4 

0 

^4t',RM6,3 

4 

7 

10 

10 

13 

13 

13 

10 

13 

13 

13 

10 

10 

7 

4 

0 

^4(t-l),4t 

0 

^0,4(t'-l),4*' 

0 

1 

1 

3 

1 

3 

3 

4 

3 

4 

3 


3 

4 

4 

4 

-^■0,4(»— l),4t,RM6,3 

0 

1 

1 

3 

1 

3 

3 

4 

1 

3 

3 

4 

3 

4 

4 
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Table 3 


The complexity of an 8-section trellis diagram for ^[^[ex-BCHs^]], an equivalent code of 
the extended (32,21) code of the primitive (31,21) BCH code 
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K 4i 

■ 

D 

9 

9 

9 
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^ 4 * 3 x 15,1 

D 

D 
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4 
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3 

0 

^4(t-l),4* 

0 
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0 

1 

2 
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3 
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4 

4 
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1 
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Figure 1 : The branch complexity of a trellis diagram with the minimum number of states 








